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heterogeneous [2],
. , , $\mathrm{A}\mathrm{a}$ ,
WWW .
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Levi-Civita [1] , Laplace-Beltrami
[10] .
2.1 - -
Riemann $M$ $C^{\infty}$ $f(x)$ , Laplace-Beltrami $\mathcal{L}$
.
$\mathcal{L}f(x)=-\mathrm{e}\mathrm{f}\sum_{ij}\mathrm{d}g^{ij}$
(x) i $\nabla_{\partial_{\mathrm{j}}}f(x)=-\sum_{ij}g^{ij}(\frac{\partial^{2}f}{\partial x^{i}\partial x^{j}}-\sum_{k}\Gamma_{ij}^{k}\frac{\partial f}{\partial x^{k}})$ . (1)
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, $[g^{ij}]$ Riemann $[g_{ij}]$ ,
$\Gamma_{\dot{\iota}j}^{k}=\sum_{h}g^{hk}\Gamma_{\dot{\iota}jh}$
, (2)
, $\Gamma_{ijh}=<$ : $\partial_{j},$ $\partial_{h}>=\sum_{k}\Gamma_{\dot{*}j}^{k}ghk$ Levi-Civita $\hat{\Gamma}_{1jh}$.
. , $\partial_{i}=\frac{\partial}{\partial x}\mathrm{d}\mathrm{e}\mathrm{f}$. .
, $\Gamma_{ijh}$ $\Gamma_{ihj}^{*}$ ,
(implicit , : $\Gamma_{ihj}^{*}=0$) ,
$\partial_{\dot{*}\mathit{9}jh}=\Gamma_{\dot{*}jh}+\Gamma_{\dot{l}hj}^{*}=\Gamma_{\dot{l}jh}$, (3)
[1].
, $\sum_{j}gjhg^{1j}.=\delta_{h}^{\dot{l}}$ $\partial_{1}$. , $i,$ $h$
$\sum_{j}(\partial_{\dot{l}}g_{jh}g^{\dot{l}j}+g_{jh}\partial_{\dot{l}}g^{\dot{\iota}j})=0$
.
$[g^{hk}]$ ( $\sum_{h}$ ) , (2) (3) ,
$\sum\{\sum g^{hk}\partial_{\dot{\iota}\mathit{9}jh}g^{\dot{\iota}j}+\sum g^{hk}g_{jh}\partial_{\dot{l}}g^{\dot{\iota}j}\}=\sum(\Gamma_{\dot{l}j}^{k}g^{\dot{\iota}j}+\delta_{j}^{k}\partial_{\dot{l}}g^{1j}.)$
$j$ $\backslash h$ $h$
( $i,$ $k$ ) .
,
$\partial_{i}g^{:k}=-\sum_{j}$ rbg , (4)
. , (1) .
$\mathcal{L}f(x)=-\sum_{\dot{\iota}j}g^{\dot{l}j}(x)\frac{\partial^{2}f(x)}{\partial x^{-}\partial x^{j}}-\sum_{\dot{\iota}k}\partial_{1}.g^{:k}(x)\frac{\partial f(x)}{\partial x^{k}}$ . (5)
, (5) , Laplace-Beltr (1)
. , , $\partial_{\dot{\iota}}g^{:k}=-\sum_{j,h}g^{hk}\partial_{1}$.gjhg Levi-Civita
, $\partial_{\dot{l}}g^{:k}=-\sum_{j,h}g^{hk}g^{1j}.(\hat{\Gamma}_{ijh}+\hat{\Gamma}_{ihj})$ $\partial_{\dot{l}}g^{:k}=-\sum_{j,h}g^{hk}g^{\dot{\iota}j}(\Gamma_{\dot{\iota}jh}$
$\Gamma_{ihj}^{*})$ . , $\mathrm{b}(\mathrm{x})=(\mathrm{b}^{1}(\mathrm{x}), \ldots, \mathrm{b}^{\mathrm{n}}(\mathrm{x}))$
$A$ . $A^{*}$
(8) [5].
A$f$ $\mathrm{d}\mathrm{e}\mathrm{f}=$ $-divc(grad_{G}f)+\Sigma_{:}b:\partial_{\dot{l}}f$ ,
$A^{*}f$
$\mathrm{d}\mathrm{e}\mathrm{f}=$





$=$ $- \sum_{ij}g^{\dot{*}j}(\frac{\partial^{2}f}{\partial x^{\dot{l}}\partial x^{j}}-\sum_{k}\hat{\Gamma}_{ij}^{k}\frac{\partial f}{\partial x^{k}})$ . (7)
$\int_{M}Af_{1}f_{2}\sqrt{det(g_{1j})}.dx=\int_{M}f_{1}A^{*}f_{2}\sqrt{det(g_{1j})}.dx$. (8)
(7) Levi-Civita (1) $\}$ [10].
40
22 - -
Riemann $M$ $(V, E)$ , (5)
. , $i=k,$ $g^{ij}=0,$ $(i\neq j)$ . $i\neq k,$ $g^{ij}\neq 0$ ,
$\mathcal{L}$ , ,
, .
, (5) 2 $\partial_{i}g^{ii}$ , $e_{i}$ ,
$\triangle g^{ii}(u)=g^{ii}(v)-g^{ii}(u)\mathrm{d}\mathrm{e}\mathrm{f}$ ,
$\mathcal{L}f(u)$ $=$ - $\sum_{v\sim u\in E}g^{ii}(u)(f(v)-f(u))-\sum_{v\sim u:e\dot{.},\overline{e}\dot{.}\in E}\triangle g^{ii}(u)\frac{f(v)-f(u)}{2}$ , (9)
$=$ - $\sum_{v\sim u\in E}\frac{g^{ii}(v)+g^{ii}(u)}{2}(f(v)-f(u))$ , (10)
$Lf(u)=- \mathrm{e}\mathrm{f}\sum_{v\sim u}\mathrm{d}w(u, v)(f(v)-f(u))$ , (11)
$\triangle_{P}f(u)=-\mathrm{e}\mathrm{f}\frac{1}{m_{V}(u)}\sum_{v\sim u}\mathrm{d}m_{E}(e_{i})(f(v)-f(u))$ , (12)
, $w(u, v)=w(v, u)>0,$ $m_{E}(e_{i})=m_{E}(\overline{e}_{i})>0$ .




( ) (5) (10) , .
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1$\int_{M}\mathcal{L}f_{1}f_{2}dx=\int_{M}<df_{1},$ $df_{2}>_{G}dx= \int_{M}f_{1}\mathcal{L}f_{2}dx$ , (13)
$\frac{1}{2}\sum_{u\in V}<df_{1},$ $df_{2}>c= \sum_{u\in V}\mathcal{L}f_{1}(u)f_{2}(u)=\sum_{u\in V}f_{1}(u)\mathcal{L}f_{2}(u)$
, (14)
$<df_{1},$ $df_{2}>c^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}} \frac{1}{2}\sum_{u\in V}<df_{1},$ $df_{2}>c_{u},$
$df1(u)\mathrm{d}\mathrm{e}\mathrm{f}=f1(v)-f1(u),$ $df_{2}(u)\mathrm{d}\mathrm{e}\mathrm{f}=f_{2}(v)-f_{2}(u)$ ,
$e_{i}$ : $uarrow v,\overline{e}_{\dot{l}}$ : $v’arrow u$,
$df_{1},$
$df_{2}>^{\mathrm{d}}G_{u}=^{\mathrm{e}\mathrm{f}}$ $\sum$ $g.\cdot(\dot{l}u)df_{1}(u)df_{2}(u)+$ $\sum$ $g^{\dot{l}\dot{l}}(u)df_{1}(v’)df_{2}(v’)$ .
$e::uarrow v$ $\overline{e}.\cdot:v’arrow u$
[ ] : , $M$ $c\infty$ f142 (




, ( ) $df$ ,
$\sum_{:,j}\partial dg^{\dot{l}j}\partial_{j}f1f_{2})$ $=$ $\sum_{:\dot{o}}\{\partial_{i}g^{\dot{l}j}\partial_{j}fLf_{2}+g^{ij}\partial_{\dot{l}}\delta_{j}f_{1}f_{2}+g^{\dot{l}j}\partial_{j}f_{1}\partial\dot{.}f_{2}\}$ ,
$=$ $-(\mathcal{L}f_{1}f_{2}-<df_{1}, df_{2}>_{G})$ ,




$\int_{M}dx$ , . , (13) . $\mathcal{L}$ ,
$dx$ , (8)
$A,$ $A^{*}$ .
( 1 ) . $\sum_{u}<df_{1},$ $df_{2}>c_{u}$ , $u$ $e$:
$ej$ ,
$uarrow v$ : $g^{\dot{*}1}.(u)\cross\{(\underline{f_{1}(v)f_{2}(v)-f1(u)f_{2}(v)})+(-f1(v)f_{2}(u)+f1(u)f_{2}(u))\}$ ,
$v’arrow u$ : $g^{jj}(v’)\cross\{(f_{1}(v’)f_{2}(v’)-f_{1}(u)f_{2}(v’))+(\underline{-f_{1}(v’)f_{2}(u)+f_{1}(u)f_{2}(u)})\}-$ ,
.
$\sum_{u\in V}\mathcal{L}f1(u)f_{2}(u)$ (9) 1 $u$ ,
$u$ : $g^{ii}(u)\cross(-f_{1}(v)f_{2}(u)+f_{1}(u)f_{2}(u))+g^{jj}(u)\cross(\underline{-f_{1}(v’)f_{2}(u)+f_{1}(u)f_{2}(u)})-$,
$v$ : $g^{i}.(|v)\cross(\underline{-f_{1}(u)f_{2}(v)+f_{1}(v)f_{2}(v)})$ ,
$v’$ : $g^{jj}(v’)\cross(-f_{1}(u)f_{2}(v’)+f_{1}(v’)f_{2}(v’))$ ,
, (9) 2 ,
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2 $u$ : $(g^{jj}(v’)-g^{jj}(u))\cross(f_{1}(u)-f1(v’))$ ,
1 $v$ : $(g^{ii}(u)-g^{ii}(v))\cross(fi(v)-f_{1}(u))$ ,
. , (9) 2 $u$ ,
-
$.$
$\sum_{v’arrow u.e_{j}\in E_{u}}\triangle g^{jj}(u)(f_{1}(v’)-f_{1}(u))$
, (15)
$\triangle g^{jj}(u)=g^{jj}(v’)-g^{jj}(u)=g^{jj}(o(e_{j}))-g^{jj}(t(e_{j}))$ ,
( $v,$ $v’$ ) . , $g^{jj}$ $j$
.
, $\overline{e}_{i}$ e- $v$ $v’$ , (14) $\cross 2$





$\triangle g^{ii}(u)(f_{1}(v)-f_{1}(u))$ , (16)
$\triangle g^{ii}(u)=g^{ii}(v)-g^{ii}(u)$ ,
. , (15) (16) ( $u$ \iota $ej$ $e_{i}$ )
.
, (14) $\frac{1}{2}$ Laplace-Beltrami (9) ,




1 , $f_{2}=1$ $f_{1}=f_{2}$ , $df_{2}=0$ $[g_{ij}]$ ,
.
1 $\mathcal{L}f1dx=\int_{M}<df_{1},0>cdx=0,$ $\sum_{u\in V}\mathcal{L}f1(u)=0$ .
2 $\int_{M}\mathcal{L}f1f1dx=\int_{M}<df_{1},$ $df1>Gdx\geq 0,$ $\sum_{u\in V}f1(u)\cdot \mathcal{L}f1(u)\geq 0$ .
2




$\forall u\in V$ ,
-
$\sum_{v\sim u}w(u,v)(f(v)-f(u))=0\Leftrightarrow f(u)=\frac{1}{\sum_{v\sim u}w(u,v)}\sum_{v\sim u}w(u, v)f(v)$,
,
$f(u)= \frac{1}{\sum_{v\sim u}w(u,v)}\sum_{v\sim u}w(u,v)f(v)\leq\frac{\sum_{v\sim u}w(u,v)}{\sum_{v\sim u}w(u,v)}f(v’)=f(v’)$ ,
, $f(u)$ $f(u)=f(v’)$ ( ) .
, $f(u)$ $w(u, v)>0$ ,
$\mathcal{L}f(u)=-\sum_{v\sim u}w(u,v)(f(v)-f(u))=\sum_{v\sim u}w(v,v’)(f(v’)-f(v))\geq 0$ ,
, $f(u)$ $\mathcal{L}$- , $\forall v\sim u$ , $f(u)=$
$f(v)=f(v’)$ .




$\frac{\partial h(u,t)}{\partial t}=-\mathcal{L}h=div$(gradG $h$). (17)
, $h(u, t)=f(u)\mathrm{x}g(t)$ , $\tau_{\mathit{9}}^{1}$ ,
$- \frac{\partial g/\partial t}{g}=\frac{\mathcal{L}f}{f}=\lambda$ : cmst.,
, $\mathcal{L}f=\lambda f$ , $\dot{g}=-\lambda g\Rightarrow$ : $g(t)=c\cdot e^{-\lambda t}+d$ .
1: , 0 ( ) .
2: $[g^{\dot{\iota}j}]$ , $0=\lambda_{0}<\lambda_{1}\leq\ldots$ $(\lambda c=\lambda_{1})\mathrm{d}\mathrm{e}\mathrm{f}$ .
3: $tarrow\infty$ , $\mathcal{L}$- : ,
$f(u)= \sum_{v\sim u}\frac{w(u,v)}{\sum_{v\sim u}w(u,v)}f(v)$ ,
( , ) . Jacobi [7] .




$w(2,4)\cross 0.5$ 0, 0267, 1, 1, 3, 3732 0267
normal 0, 1, 1, 3, $\frac{5\pm\sqrt{17}}{2}$ 0438
$w(2,4)\cross 2$ 0, 1, 1, 3, $\frac{7\pm\sqrt{33}}{2}$ 0627
$w(2,4)\cross 4$ 0, 1, 1, 3, $\underline{11\pm\sqrt{89}}$ 0789
$\ovalbox{\tt\small REJECT}_{0,3,3,3,0.789}^{0,0.267,3,3,.7320.267}w(2,4)\cross 0.5w(2,4)\cross 4w(2,4)\mathrm{x}20,3,3,3,0.\cdot 627\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{m}\mathrm{a}10,3,3,3,\frac{5\pm\sqrt{17}3,3}{\underline 11\pm^{2}\sqrt{89}\underline{7\pm}^{2}\subset 33}0.438(\mathrm{b})\mathrm{N}\mathrm{e}\mathrm{t}\Phi\lambda_{G}$
$\ovalbox{\tt\small REJECT}(\mathrm{h}\mathrm{e}\mathrm{e}\mathrm{x}0.50,0.219,1.5,2,\cdot 28,arrow \mathrm{h}\mathrm{e}\mathrm{e}\mathrm{x}20,4,4,6,5\pm 172.5,2.5,0.219\mathrm{c})\mathrm{N}\mathrm{e}\mathrm{t}\mathrm{I}\mathrm{I}\Phi \mathrm{E}\lambda_{G}\mathrm{b}\mathrm{e}\mathrm{e}\mathrm{x}40,6,6,12^{\underline{10\pm^{2}2\sqrt{17}}}1.7520.876$
be $\ovalbox{\tt\small REJECT} B\mathrm{f}_{\mathrm{L}}^{\mathrm{g}}$
(2, 4)$ $\cross 0.5$
(2, 4)$ $\cross 2$







(17) Cost $\mathrm{d}\mathrm{e}\mathrm{f}=\sum_{u\in V}h(u, 0)$ . , $\forall t\geq 0$ ,
$\int_{M}div(grad_{G}h(x, t))dx=-\int_{M}\mathcal{L}h(x, t)dx=0$ ,
$\sum_{u\in V}\frac{\partial h(u,t)}{\partial t}=-\sum_{u\in V}\mathcal{L}h(u, t)=0$ .
4 ( $\triangle t$ )
$\frac{d\sum_{u}(Cost/|V|-h)^{2}}{dt}=2\sum_{u\in V}(Cost/|V|-h)\cross(\mathcal{L}h)\leq 0$.
5
2 , (a) $\mathrm{R}\mathrm{e}\mathrm{e},$ $(\mathrm{b})$ Net, (c) Neffl , $\mathcal{L}$ . ,
normal 1, , $\cross 0.5,2,4$ ( 2 ) $w(u, v)$
. , $[h(1,0), \ldots, h(6,0)]$ , il:[10,10, 6, 4, 8, 12], i2:[15,3, 1, 20, 2, 19],
i3:[1,2, 2, 10, 20, 25] , (17) $(\triangle t=0.1)$
.
3 , il $\sum_{u\in V}(Cost/|V|-h(u, t))^{2}$ .
Tree , $\cross$ $\mathrm{h}\mathrm{e}\mathrm{e}$ , Net ( $0$
Net) . 4 , Net [;
. i2 5 6 ,
( , $\cross 0.5$ Tree ) . ,
i3 , 7 , , $\mathrm{H}\mathrm{e}\mathrm{e}$ Net
. Net i2 , 8 ,




3: , (a)(b), il 4: , (a)(c), il
$\triangleleft\sim\dot{\mathrm{g}}\mathrm{g}\dot{i}\mathrm{g}$
5: , (a)(b), i2 6: , (a)(c), i2
6
,
. , [1] Laplace-Beltrami
[10] , , Levi-Civita
[11] [5], $[3][9]$ .
, ( ) , ,




, on-line \searrow ( )
( )
.




7: , (a)(b), i3 8: , (a)(c), i3
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